Abstract. The presence of massive neutrinos affects structure formation, leaving imprints on large-scale structure observables such as the weak lensing field. The common lensing analyses with two-point statistics are insensitive to the large amount of non-Gaussian information in the density field. We investigate non-Gaussian tools, in particular the Minkowski Functionals (MFs)-morphological descriptors including area, perimeter, and genus-in an attempt to recover the higher-order information. We use convergence maps from the Cosmological Massive Neutrino Simulations (MassiveNus) and assume galaxy noise, density, and redshift distribution for an LSST-like survey. We show that MFs are sensitive to the neutrino mass sum, and the sensitivity is redshift dependent and is non-Gaussian. We find that redshift tomography significantly improves the constraints on neutrino mass for MFs, compared to the improvements for the power spectrum. We attribute this to the stronger redshift dependence of neutrino effects on small scales. We then build an emulator to model the power spectrum and MFs, and study the constraints on [M ν , Ω m , A s ] from the power spectrum, MFs, and their combination. We show that MFs significantly outperform the power spectrum in constraining neutrino mass, by more than a factor of four. However, a thorough study of the impact from systematics such as baryon physics and galaxy shape and redshift biases will be important to realize the full potential of MFs.
Introduction
The discovery of neutrino oscillation implies that neutrinos have non-zero masses [1] [2] [3] . From particle experiments measuring the differences of neutrino mass squared, we can obtain a lower bound of the neutrino mass sum M ν >0.06 eV (0.1 eV) assuming a normal (inverted) hierarchy. However, the upper bound remains unconstrained by these oscillation experiments. The expansion history and structure formation are modified by the presence of massive cosmic neutrinos-relic neutrinos decoupled from the rest of matter when the temperature of the universe was a few MeV. With large thermal pressure, cosmic neutrinos suppress the matter clustering on scales smaller than their free-streaming length. Since the level of suppression depends on the neutrino masses, large-scale structure was hence proposed to be a powerful tool to constrain M ν [4, 5] .
At present, upper limits on M ν from cosmological observations are already approaching the lower limit. For example, the most recent data of Cosmic Microwave Background (CMB) temperature and polarization combined with baryon acoustic oscillations (BAO) and CMB lensing data put an upper limit on M ν < 0.12 eV (at 95% C.L.) [6] . This number will soon be significantly improved by upcoming galaxy surveys such as the LSST 1 [7] , WFIRST 2 , and Euclid 3 and CMB surveys such as the Simons Observatory 4 [8] and CMB-S4 5 [9] .
Significant improvements on neutrino mass constraints are expected to come from weak lensing (WL), where background galaxies are distorted by foreground matter and are hence used to map out the total matter distribution in our universe [10, 11] . In the past decade, several pioneering WL surveys went online and achieved statistically significant constraints on cosmology [12] [13] [14] [15] .
So far, most of the WL analyses are done using second-order statistics, the two-point correlation function (real space) or the power spectrum (Fourier space). These two-point statistics can capture all the information only if the field is Gaussian. However, matter clustering is highly nonlinear, and hence non-Gaussian, on scales 10 Mpc. Massive neutrino signals are also the largest on these small scales. Thus, non-Gaussian statistical tools are necessary in order to capture the missing information and to constraint M ν .
In this work, we forecast the constraints on M ν from non-Gaussian statistics, in particular from the Minkowski Functionals (MFs). MFs are a set of morphological descriptors, first introduced to cosmology by Ref. [16] and since then used as a tool to detect deviations from Gaussianity [17] [18] [19] [20] [21] [22] [23] . Studies of MFs with WL simulations [24, 25] and data [26, 27] found that MFs are potentially more sensitive than two-point statistics in constraining Ω m (matter density) and σ 8 (r.m.s. linear matter fluctuation on the scale of 8 Mpc/h), specially when multiple redshifts and smoothing scales are combined [28] .
Motivated by previous findings, we perform a detailed study of WL MFs and power spectrum for an LSST-like survey, with a focus on constraining M ν . We use simulated convergence maps from the Cosmological Massive Neutrino Simulations (MassiveNuS) 6 which include 101 models with three varying cosmological parameters, M ν , Ω m and A s (primordial power spectrum amplitude) and five tomographic source planes at z s =0.5-2.5. We build an emulator to predict MFs at an arbitrary cosmology and use Markov chain Monte Carlo to sample the likelihood. We investigate the constraints from each of the MFs, from adding evolution information (i.e. tomography vs single-redshift), and from the combination of the power spectrum and MFs. This paper is organized as follows. First, we review the power spectrum and MFs in the context of WL convergence in section 2. Next, we describe the MassiveNuS suite in section 3 and our analyses in section 4. We present our findings and discuss their implications in section 5. Finally, we conclude in section 6.
Background

Weak lensing convergence
Matter along the line-of-sight deflects the path of photons emitted by background galaxies, giving rise to the phenomenon of gravitational lensing. In the weak regime, lensing slightly distorts (shears) and (de-)magnifies the source image. The lensing convergence κ, describing the amplitude of such magnification, can be expressed as a weighted projection of the mass overdensity using Born approximation,
where δ is the projected matter overdensity, χ(z) is the comoving distance to redshift z, and W is the lensing kernel defined as
where z s is the source redshift, dn/dz s is the source redshift distribution, and H(z) is the Hubble parameter with present-day value H 0 .
Power spectrum
WL studies commonly use two-point statistics to constrain cosmology. In this work, we use the Fourier transform of the two-point correlation function, the power spectrum. The convergence power spectrum C κ l is defined as
3) where δ D is the Dirac delta function andκ(l) is the Fourier transform of the two-dimensional (2D) κ field. Under the Limber approximation, the power spectrum can be expressed as a weighted line-of-sight integral over the three-dimensional matter power spectrum P (k, z)
Minkowski Functionals
Minkowski Functionals are a set of morphological descriptors invariant under rotations and translations [16, 20, 29, 30] . The morphological properties of a given random field in a Ddimensional space can be completely characterized by a set of D + 1 functionals. For a 2D convergence field κ(n), there are three MFs-the area V 0 , perimeter V 1 , and genus V 2 ,
where da and dl are the area and length elements. The MFs are defined for an excursion set Σ (ν) = {κ > νσ 0 }, that is, the set of pixels with κ values exceeding the threshold level νσ 0 , where σ 0 is the standard deviation of the field. The boundary of the excursion set is ∂Σ (ν) = {κ = νσ 0 }. The first MF V 0 describes the area covered by the excursion set, equivalent to the cumulative distribution function. The second MF V 1 describes the length of the boundary. The third MF V 2 describes the total number of connected regions ("islands") above the threshold minus that below ("holes"), or the integrated geodesic curvature K along the boundary. The MFs capture statistical information at all orders of correlation, making them useful probes of non-Gaussianity. They can be evaluated analytically for Gaussian random fields (GRFs) and weakly non-Gaussian fields [31, 32] . The accuracy of the analytical predictions have been validated against simulations [28] . However, for highly nonlinear fields, such as those expected from upcoming WL surveys at small angular scales, analytical predictions break down [33] . Therefore, we use numerical simulations to model MFs.
Simulation
In this work, we use convergence maps from the Cosmological Massive Neutrino Simulations (MassiveNus). Here we describe briefly the set-up of the N-body ray-tracing simulations. More details on code validations can be found in the simulation paper [34] . , with a box size of 512 Mpc/h and 1024 3 cold dark matter particles. The background density of neutrinos is evolved using a fast linear response algorithm kspace neutrinos [36, 37] . The simulations accurately capture the impact of massive neutrinos on structure growth at sub-percent precision for k < 10 h/Mpc.
The convergence maps are generated for five galaxy source planes z s = 0.5, 1.0, 1.5, 2.0, 2.5, using the public ray-tracing code LensTools [38] . We do not assume small angle or undisturbed geodesics, as Ref. [39] found that, despite sufficient for the power spectrum, the Born approximation can bias non-Gaussian statistics. For each cosmological model and redshift bin, 10,000 realizations are generated by randomly rotating and shifting the lens planes. In order to avoid correlations between the noise in our model and covariance [40] , we also generate an additional set of 10,000 maps with different initial conditions for the fiducial, massless model (M ν =0.0, Ω m = 0.3, A s = 2.1 × 10 −9 ). Each map has 512 2 pixels and is 12.2 deg 2 in size, and hence has a spatial resolution ≈ 0.4 arcmin per pixel.
LSST-like mocks
Using these convergence maps, we next generate LSST-like mocks. We follow the configurations in the LSST Science book [7] , with galaxy number density n gal = 50 arcmin −2 and source redshift distribution,
Assuming a redshift bin width ∆z s = 0.5, for each source redshift at z s = 0.5, 1.0, 1.5, 2.0, 2.5, we obtain a number density n gal = 8.83, 13.25, 11.15, 7.36, 4.26 arcmin −2 , respectively. We discard galaxies at z s < 0.25 and z s > 2.75, resulting in a smaller total number density of 44.85 arcmin −2 . To assess the utility of tomography, i.e. joint analysis of multiple redshift bins, we also consider a set of maps with a single source plane z s = 1.0, but with the galaxy density equivalent to the sum of all galaxies in the five tomographic bins. We then add Gaussian noise to each pixel with variance,
where σ λ = 0.35 is the shape noise and ∆Ω = 0.17 arcmin 2 is the solid angle of a pixel. For each realization, the maps at five redshifts are correlated in signal, as the light rays go through the same large-scale structure, but uncorrelated in noise.
Analysis
Statistical measurements
The convergence power spectrum and three MFs are measured for each of the 101 (models) × 5 (source redshifts) × 10,000 (realizations) convergence maps. The power spectrum C κ , is evaluated at 25 logarithmically-spaced bins in the range 300 < < 5000.
Before measuring the MFs, each map is smoothed with a one arcmin Gaussian filter. All three MFs are measured over 50 uniformly-spaced bins, between ν = −6.0 and ν = 6.0 in units of the standard deviation of the shape noise, where σ noise =[0.034, 0.027, 0.030, 0.037, 0.048] for z s =[0.5, 1.0, 1.5, 2.0, 2.5], respectively. For the single redshift case, the galaxy shape noise is σ noise = 0.0157.
We found that bins at MF tails, while may contain additional information, are too noisy to be modeled accurately within our current computational capability. Therefore, in the likelihood analysis, we discard bins at both low and high tails of the distribution. To be specific, we remove the extreme bins with absolute value less than 5% of the maximum value. For V 0 , we convert the distribution to a probability function before applying this criterion.
Emulator based on Gaussian Processes
To model the statistics at an arbitrary point in parameter space, we built an emulator based on measurements from the noise included mocks in 101 models. We interpolate in the 3D parameter space using a Gaussian Process (GP) with a squared exponential kernel. We use the GP algorithm implemented in the scikit-learn 8 Python package. We test the accuracy of our GP emulator by comparing the prediction with the true value, where the prediction is made by a test emulator built using all but the model in interest. We find the deviations from the true values consistently at sub-percent level or lower and significantly smaller than the statistical error expected from the shape noise. More detailed tests of the emulator can be found in our companion papers investigating other non-Gaussian statistics [41, 42] .
Full covariance
We use an independent set of N r =10,000 simulations at the fiducial massless model to evaluate the covariance matrix, where d n i denotes the i th bin and n th realization for the statistical descriptor d, which can be the power spectrum, one of the MFs, or a combination of them in the case of joint analysis. We use a cosmology-independent covariance, which is necessary to obtain unbiased constraints when assuming a Gaussian likelihood (see section 4.4). Compared with our 12.25 deg 2 simulated maps, LSST will cover roughly 20,000 deg 2 sky [7] . To roughly account for this difference in sky coverage, we scale the simulated covariance by a ratio=12.25/20, 000. Fig. 1 shows the correlation coefficients of the full covariance matrix of the three MFs and power spectrum ("PS") in 5 redshifts bins for both the noiseless (left) and noisy (right) maps,
where i and j indicate the bin number. The total numbers of bins are different for the noisy and noiseless maps for the same selection criterion. In the noiseless (noisy) case, we have 70, 53, 53, and 125 (70, 120, 130, and 125) for V 0 , V 1 , V 2 , and power spectrum, respectively. Within each statistical block, 5 sub-blocks represent the five redshift bins. For the noiseless power spectrum, contribution of the off-diagonal terms are larger at lower redshifts and high bins, and it is significantly reduced in the noisy case. However, MFs in both the noiseless and noisy cases show non-trivial off-diagonal components, indicating the importance to model the full covariance for the MFs or the joint analysis.
Parameter Estimation
To forecast constraints on the cosmological parameters θ = [Ω m , A s , M ν ] from a given statistical estimator (the three MFs, power spectrum, or a combination of them), we assume a Gaussian likelihood,
where x is the "observed data", which we assume the average of the statistic(s) of interest at the fiducial massive model, and µ(θ) is the model prediction computed using our emulator. Although the estimated covariance from simulations (eq. 4.1) is unbiased, its inverse can be biased due to the limited number of realizations. We correct the inverse of covariance following Ref. [43] , 4) where N b is the number of bins, N r =10,000 is the number of realizations and C * is the covariance computed from the simulations. We adopt a cosmology-independent covariance, which is necessary when one assumes a Gaussian likelihood (as done in this work). Ref. [44] showed that by assuming a Gaussian likelihood, one breaks the correlation between the model (or the mean) and covariance and hence assigns the information content to the model. Under this framework, using a cosmology-dependent covariance would double count the cosmological information, and hence artificially shrink the error. We sample the posterior likelihood using Markov Chain Monte Carlo [45] . We use a flat prior and assume a nonzero M ν . Our results are stable against the length of the chain as well as the initial walker positions.
Results and Discussions
Neutrino signature in the MFs
To understand the effect of massive neutrinos, we compare the average MFs in the fiducial massive model with that in the fiducial massless model, where M ν = 0.1 eV and M ν = 0.0 eV, respectively, with all other cosmological parameters fixed. We show in Fig. 2 the average V 0 , V 1 and V 2 for both models at five source redshifts, as well as their differences normalized by the maximum value. We show both noiseless (upper row) and noisy (lower row) cases. We also include the expected LSST (68% C.L.) errors in shaded bands. To visualize the effect of massive neutrinos, we show in Fig. 3 a sample map threshed at two different levels κ th =0.03 and κ th =−0.01, for both fiducial models.
Focusing on the noiseless case, where the physical effects are more transparent, we find that massive neutrinos suppress the high κ tails in V 0 , thought to be associated with the most massive halos in the universe. This matches the expectation that massive neutrinos suppress the growth of large-scale structure. Similarly, at high κ th , fewer regions in massive neutrino cosmology can pass the threshold, resulting in smaller perimeters (V 1 ) around these regions and a smaller number of "islands" (i.e. reduced V 2 ). We observe more complicated behavior at low κ th (Fig. 3 right panel) , due to the non-spherical nature of under-dense regions. When galaxy noise is added (Fig. 2 lower panels) , these features remain, albeit with lower amplitude.
Comparison to Gaussian predictions
We investigate the information content in MFs beyond Gaussian predictions. For a GRF, we can write down analytical formula for the MFs [17, 32] . For a direct comparison, we use the measured average moments of the power spectrum from our simulations as an input to the theoretical Gaussian prediction. We show in Fig. 4 the MFs measured from our simulations to the theoretical Gaussian predictions. The latter are expected to add no additional information to two-point statistics. We use only z s = 1 maps for simplicity.
We show the fractional differences between the simulated and Gaussian MFs, for both fiducial models (middle panels). We see deviations for all three MFs, demonstrating that MFs are indeed non-Gaussian due to nonlinear structure growth. In addition, we also investigate their sensitivity to the neutrino mass, by comparing dV = V massive − V massless for simulated and Gaussian MFs (bottom panels) and find they differ in almost the full κ range. These tests show that not only are the MFs non-Gaussian, but also their cosmological sensitivity are different from the Gaussian prediction. Therefore, we expect MFs to contain additional information beyond second-order statistics.
Improvement from tomography
Redshift tomography, or splitting galaxy samples into multiple redshift bins, was proposed as a useful tool to capture the growth history [42, [46] [47] [48] [49] [50] [51] [52] [53] . We study the additional constraining power from redshift tomography for both the power spectrum and MFs by comparing constraints from five redshift tomographic bins (the configuration adopted in our final analysis) to that from a single redshift z s = 1 with the same total galaxy number density, denoted as "5z" and "1z", respectively.
In Fig. 5 we show the 95% confidence contours for "1z" and "5z" for the three MFs and the power spectrum ("PS"). We find that tomography helps shrink the contours for all four statistics. We list in Table 1 the improvements quantified as the ratio of "1z" to "5z" marginalized 95% errors. We find that while for the power spectrum tomography is particularly helpful in tightening the constraint on Ω m , MF constraints improve most significantly on M ν by at least a factor of two. Table 1 : Improvement on the three cosmological parameters from tomography, for the three MFs and the power spectrum ("PS"), represented as ratios of the marginalized 95% errors from a single redshift bin ("1z") to that from five tomographic redshift bins ("5z").
Joint constraints
Finally, we inspect the constraints on
, and the power spectrum, as well as from combining all three MFs and combining MFs and the power spectrum. We assume five redshift tomography in all cases. The 95% confidence contours from these descriptors are shown in Fig. 6 . In all 2D projected likelihood planes,
, each MF contour alone already appears tighter than that of the power spectrum. All the MF contours show different degeneracy from that of the power spectrum, a result of the high-order information they contain. Combining all three MFs further improves the constraints from individual MF, Table 2 : Ratios of marginalized 95% errors from the power spectrum σ P S to that from each descriptor σ p in interest. We assume galaxy noise and redshift distribution for an LSST-like survey, with five tomographic redshift bins z s = 0.5, 1.0, 1.5, 2.0, 2.5.
especially on neutrino mass. Adding the power spectrum brings negligible improvement to that of the MFs, showing that MFs already contain most of the two-point information. We quantify in Table 2 the improvement from each descriptor using a ratio of the marginalized 95% errors from the power spectrum to that of each descriptor in interest.
The marginalized constraint on neutrino mass from three MFs combined improves that from the power spectrum alone by a factor of 4.82. Comparing the constraining power from the three MFs, we find that V 2 V 1 > V 0 , similar to findings in previous work [20, 28, 54] . This is because both perimeter (V 1 ) and genus (V 2 ) are sensitive to not only the overall distribution of under/over-density, as probed by area (V 0 ), but also their spatial information.
Our results show that MFs will no doubt be a powerful tool for future lensing surveys to constrain neutrino mass.
Summary
We study the effect of massive neutrinos on weak lensing Minkowski Functionals, which can capture non-Gaussian information beyond two-point statistics. We forecast the improved constraints from MFs on cosmological parameters, including the neutrino mass sum (M ν ), matter density (Ω m ) and primordial power spectrum amplitude (A s ), compared to those expected from the weak lensing power spectrum. We use the MassiveNuS simulations with five tomographic source redshifts and assume galaxy distribution and noise properties of an LSST-like survey. We also explore the importance of redshift tomography. We show constraints from three individual MF, them combined, and MFs and the power spectrum combined. Our main conclusions are:
• The three MFs are sensitive to massive neutrinos. Neutrino signatures are redshift dependent (Fig. 2) and are different from the Gaussian prediction (Fig. 4) . Therefore, MFs contain non-Gaussian information beyond the power spectrum.
• Redshift tomography, or multiple redshift bins, is a powerful technique to constrain neutrino mass, as neutrinos have distinct evolutionary signature than other parameters. Compared to using a single redshift bin, using tomography we find more than a factor of two improvements on M ν (95% C.L.) for all three MFs. While the improvement on neutrino mass from tomography is milder for the power spectrum (≈20%), that on Ω m is much stronger, by factor of two (Fig. 5 ).
• Each MF alone already outperforms the power spectrum in constraining cosmology
Combining the three MFs further improves the constraint by more than a factor of four, in comparison to that from the power spectrum alone (Fig. 6 ). Joint analysis of the MFs and the power spectrum returns similar constraints as the MFs. The relative constraining power of the MFs are:
In summary, Minkowski Functionals allow us to probe additional information that is missing in traditional two-point analyses. They are a powerful tool to constrain the neutrino mass sum for upcoming cosmological surveys. In our work, however, we only considered errors from galaxy shape measurements. To realize the full potential of MFs, follow-up work should address the impact of other systematics, for example, baryonic physics, photometric redshift biases, multiplicative bias in galaxy shapes and intrinsic alignments of galaxies. While it is unrealistic to assume MFs to be immune to these systematics, we expect these systematics to impact MFs differently than the power spectrum, and joining the two statistics will also bring the possibility to jointly model cosmology, astrophysics, and other nuisance parameters. Other issues to be consider include the degeneracy of neutrino mass with others cosmological parameters, such as interacting dark matter and time-dependent dark energy. These are beyond the scope of our work, but are necessary steps to take before we can fully trust the analysis results. Finally, we expect the most powerful constraints to come from combining weak lensing with other cosmological probes including CMB temperature and polarization, CMB lensing, Baryon Acoustic Oscillation, and Lyman alpha forest. Figure 5 : 95% Constraints for the three MFs and the power spectrum ("PS") from five redshift tomography ("5z") and a single source redshift z s =1.0 ("1z"), both with the same total galaxy number density. While tomography benefits the power spectrum in constraining Ω m , it is particularly powerful in tighten the M ν errors for all three MFs, by at least a factor of two.
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